Abstract. In this paper we give an explicit parameterization of the local theta correspondence of supercuspidal representations for the reductive dual pairs
Introduction
Let F be a p-adic field with odd residue characteristic. Let (G, G ) be a reductive dual pair over F in the symplectic group Sp(W ). Let Sp(W ), G and G denote the metaplectic covers of Sp(W ), G and G , respectively. By restricting the Weil representation of Sp(W ) we obtain a correspondence between some irreducible admissible representations of G and some irreducible admissible representations of G . This correspondence is called the theta correspondence or Howe duality. It is known that the correspondence is one-to-one by R. Howe and J.-P. Waldspurger (cf. [MVW87] and [Wal90] ). Suppose that both the covers G and G split (cf. [Kud94] ). By choosing splittings G → G and G → G we have a one-to-one correspondence between some irreducible admissible representations of G and some irreducible admissible representations of G . The fundamental problem is to investigate the explicit theta correspondence. That is, for a given irreducible admissible representation π of G we want to understand the following two questions:
1. In what condition of G does π occur in the theta correspondence? 2. Which representation π of G is π paired with once π occurs? The answers of the above two questions are only known for very few examples (among some other partial results), such as (O 2 (F ), Sp 2 (F )) by J. Shalika and S. Tanaka in [ST69] and (U 1 (F ), U 1 (F )) by C. Moen in [Moe93] and by T. Yang in [Yan98] . In this paper we answer the two questions of when G is U 1 (F ) and the representation π paired with π is supercuspidal.
Let V (resp. V ) be a Hermitian (resp. skew-Hermitian) space over a quadratic extension E of F . Let (G, G ) be the dual pair (U (V ), U(V )). In [Pan02a] we prove that the depths of the paired irreducible admissible representations are equal. Moreover, we prove in [Pan02b] and [Pan03] that the minimal K-types of the paired representations correspond by theta correspondence of certain finite reductive dual pairs when the depth is zero and by certain orbit correspondence when the depth is positive. Although these results are far from sufficient for determining the explicit correspondence for general reductive dual pairs, they do provide enough information for some special cases; in particular, the cases that are considered in this work. The basic idea of this work is quite simple and can be described as follows. We assume that V is one-dimensional throughout the paper. We use the result in [Pan03] to obtain a decomposition of the space V . Then we reduce the problem to the case of correspondence for (U 1 (F ), U 1 (F )), which is already well known. That means we obtain the information of the minimal K-types of π . Because π is supercuspidal, we can conclude that π is induced from its minimal K-type by the result of Adler in [Adl98] . Therefore, the representation π is determined explicitly.
The contents of this paper are as follows. In section 2 we recall some basic results from [Pan02b] and [Pan03] . In sections 3 and 4 we study the case when both V and V are one-dimensional. This is the easiest case but also the most important case. Of course, the explicit theta correspondence for this dual pair is known and has been studied by several authors, for example, C. Moen ([Moe93] ) and T. Yang ([Yan98] ). However, we still treat this case completely to expose our point of view. The major difference between our approach and theirs is the use of different models of the Weil representation. We use a generalized lattice model of the Weil representation, while a Schrödinger model is used in [Moe93] and a lattice model with respect to a self-dual lattice is used in [Yan98] . The major part of the paper is section 5. In this section we study the case when V is over an unramified quadratic extension of F and is two-dimensional isotropic. The spirit of our approach is similar to that of [Kud86] in some sense. In section 6 we study the case when the quadratic extension of F is ramified. In sections 7, 9 and 11 we study the correspondence when V is over an unramified quadratic extension of F and is two-dimensional anisotropic, three-dimensional and four-dimensional with Witt index one, respectively. In sections 8, 10 and 12 we study the parallel cases when V is over a ramified quadratic extension of F . The approach is very similar to that used in subsection 5, so it is very sketchy in these sections. Some partial results of the explicit theta correspondence for the dual pair when V is three-dimensional is also studied by C. Moen in [Moe87] by a different method. It might be interesting to compare his approach and the one used in this paper. In the last section we summarize our result on the first occurrence in previous sections and show that it is consistent with the preservation principle conjectured by S. Kudla and S. Rallis (cf. [HKS96] ).
The author thanks the National Science Council of the Taiwan Government for their financial support.
Local theta correspondence and minimal K-types
2.1. Basic notation. Let F be a nonarchimedean local field, O F the ring of integers of F , p F the unique maximal ideal of O F , F a uniformizer of O F , and f F := O F /p F the residue field. We assume that the characteristic of f F is odd. Let q denote the cardinality of f F . Let E be a quadratic extension of F , O E the ring of integers of E, p E the unique maximal ideal of O E , E a uniformizer of O E , f E the residue field of E, and τ the non-trivial automorphism of E over F . We assume that E = F if E is a unramified extension, and τ ( E ) = − E if E is ramified over F . Let e denote the ramification index of E over F . We normalize the discrete valuation of E such that the value group of E × is 1 e Z. Let ord: E × → 1 e Z denote the discrete valuation.
Let (V, , ) be a (finite-dimensional) nondegenerate -Hermitian space over E, where is 1 or −1. Let G := U (V ) be the group of isometries of (V, , ), i.e., U (V ) is a unitary group. Let κ be a fixed integer associated to (V, , ). Suppose that L is a lattice in V . We define
2.2. Local theta correspondence. Let (V, , ) (resp. (V, , )) be an -Hermitian (resp. -Hermitian) space over E such that = −1.
where Tr E/F is the trace map from E to F . We know that , is a skew-symmetric F -bilinear form on W . The pair (U (V ), U(V )) is a reductive dual pair of unitary groups in Sp(W ). Let κ (resp. κ ) be a fixed integer associated to V (resp. V ) as in subsection 2.1. We make the assumption that that κ + κ is odd if E is a ramified extension of F . Define the integer (2.2.1)
Let ψ be an (additive) character of F of conductor p λ F F . We assume that the duality of lattices in W is defined with respect to the integer λ F . Let Sp(W ) be the metaplectic cover of Sp(W ), let (ω ψ , S) be the Weil representation of Sp(W ) with respect to the character ψ of F , and let U (V ) (resp. U (V )) be the inverse image
This establishes a correspondence, called the local theta correspondence or Howe duality for the dual pair (U (V ), U(V )), between some irreducible admissible representations of U (V ) and some irreducible admissible representations of U (V ). It has been proved by R. Howe (cf. [MVW87] ) and J.-P. Waldspurger (cf. [Wal90] ) that the local theta correspondence is one-to-one (when the residue characteristic of F is odd). We emphasize that the explicit correspondence depends on the character ψ and the forms , and , .
2.3. Splitting of the metaplectic cover. The reductive dual pair (
for the extensions U (V ) → U (V ) and U (V ) → U (V ), respectively. It is known that the dual pairs of unitary groups always split. By composing the splittings β V and β V we have a correspondence between irreducible admissible representations of U (V ) and irreducible admissible representations of U (V ). Kudla ([Kud94] ) constructs an explicit splitting of the metaplectic groups with respect to the Heisenberg model of the Weil representation. A splitting with respect to a generalized lattice model (see subsection 2.6) of the Weil representation is given in [Pan01] . It is the splitting used in this paper. More details can be found in later sections.
2.4. Theta correspondence for finite unitary groups. Reductive dual pairs and theta correspondence can be defined over a finite field analogously. However, the correspondence might not be one-to-one. It is known that the theta correspondence for finite reductive dual pairs always split. Now we describe some well-known results of the first correspondence of cuspidal representations for certain dual pairs (U (v), U(v )) of finite unitary groups (cf. [How79] ). We shall consider the case when v is one-dimensional. For convenience, we allow the dimension of v to be zero. Therefore, we make the following conventions. We define the Weil representation of the symplectic group on a zero-dimensional space to be the trivial representation (of the trivial group). If one of the spaces v, v is trivial, then the theta correspondence for the dual pair (U (v), U(v )) is just the trivial representation corresponding to the trivial representation.
Next we assume that v is also one-dimensional. In this case, the dimension of the Weil representation is q-dimensional. All irreducible representations of U (v) except the trivial one occur in the theta correspondence.
Third, we assume that v is two-dimensional. Every irreducible representation of U (v) occurs in the theta correspondence. Every representation except the sgn representation corresponds to a (q − 1)-dimensional irreducible cuspidal representation of U (v ). The sgn representation corresponds to a q-dimensional irreducible representation.
Last, we consider the case that v is three-dimensional. Every irreducible representation of U (v) occurs in the theta correspondence, but only the sgn representation of U (v) corresponds to irreducible cuspidal representation of U (v ). The trivial representation of U (v) corresponds to the unique unipotent cuspidal representation of U (v ), which is of dimension q 2 − q.
2.5. Theta correspondence for finite orthogonal and symplectic groups. In this subsection, let v be the one-dimensional quadratic space over f F . Now U (v) is a group of two elements. We know that U (v) has two characters, namely the triv character and the sgn character. The triv character of U (v) first occurs in the correspondence when v is zero-dimensional, and it is paired with the trivial character of U (v ). The sgn character of U (v) first occurs in the correspondence when v is two-dimensional, and it is paired with a
2.6. Generalized lattice model of the Weil representation. In this subsection we define the generalized lattice model of the Weil representation. Material in this subsection can be found in [Wal90] .
Let ψ be the character of F defined as in subsection 2. 
where g ∈ Sp(W ), f ∈ S(B), w ∈ W and db is a Haar measure on B * . We can normalize the Haar measure db such that 
where e is the ramification index of 
If an irreducible admissible representation of G is of depth zero, then we know that there exists a good lattice
2.8. Local theta correspondence and minimal K-types (part I). Let
be a reductive dual pair of unitary groups. Suppose that L is a good lattice in
and L be a good lattice in V , and let l and l * be defined analogously. We know that both U (l) and U (l * ) are finite unitary groups when E is an unramified extension of F . If E is a ramified extension of F , then one of U (l) and U (l * ) is a finite orthogonal group, and the other is a finite symplectic group. It is easy to check that
) is a (possibly reducible) finite reductive dual pair in the finite symplectic group Sp(B * /B). We remark here that the definition of the finite reductive dual pair is in the generalized sense that one of the two groups is allowed to be trivial. The following results are from [Pan02b] 
Corollary. Suppose that η, η are irreducible cuspidal representations and η ⊗ η is a first occurrence of theta correspondence for the finite reductive dual pair
(G L /G L,0 + , G L /G L ,0 + ).
Then π ⊗ π is a first occurrence for the reductive dual pair (G, G ), where π is the irreducible supercuspidal representation c-Ind
G G L η of G and π is the irreducible supercuspidal representation c-Ind G G L η of G .
Local theta correspondence and minimal K-types (part II). Recall that
It is known that the image of the map M is in the Lie algebra g of U (V ). Similarly we define the moment map M :
The major theorem in [Pan03] is the following:
)). Suppose that π, π correspond in the theta correspondence, and the depth of (π, V) is positive. Then there exist a positive
In this section, we assume that E is an unramified quadratic extension of F (i.e., e = 1), and we assume that both V, V are one-dimensional. Let G := U (V ) and G := U (V ) be the unitary groups. Note that both G, G are compact.
3.1. Lattice chains in V . We assume that V is a Hermitian space with the form denoted by , , and we assume that V is a skew-Hermitian space with the form , defined by , := δ , , where δ is a number in E × such that τ (δ) = −δ. For simplicity we shall assume that ord(δ) = 0. Let λ F , κ, κ be given as in subsection 2.2. Now we have 
Let l, l * be defined as in subsection 2.8. Now one of l, l * is trivial and the other is one-dimensional. We also know that f E is a quadratic extension of
is the unique regular small admissible lattice chain in V . It is easy to check that the numerical invariant (n, n 0 ) (cf. [Pan02a] ) of L is (1, 0) if κ is even, and (n, n 0 ) = (1, 1) if κ is odd. Therefore, we have
Therefore, the possible depths of irreducible representations of G are all nonnegative integers. Everything in the previous paragraph can be define analogously for
E is the unique regular small admissible lattice chain in V . Let (n , n 0 ) denote the numerical invariant of L . We have (n , n 0 ) = (1, 0) if κ is even, and (n , n 0 ) = (1, 1) if κ is odd.
3.2. The correspondence. The correspondence for this dual pair (U (V ), U(V )) is very simple because both U (V ) and U (V ) have the same image when embedded as subgroups of Sp(W ). So the correspondence can be regarded as identical (cf. [Moe93] and [Yan98] ). Our viewpoint here is slightly different. We regard one of the groups U (V ), U(V ) acting on W := V ⊗ E V from the left and the other acting from the right. Therefore, we prefer to view the correspondence pairing an irreducible representation with its contragredient representation. Proof. Let (π, V) be a depth zero irreducible representation of U (V ). Let L be the lattice given in subsection 3.1. Because L is the only good lattice in V , the restriction of the action of π to
We know that π is uniquely determined byπ. By Proposition 2.8, we know that π occurs in the theta correspondence for (U (V ), U(V )) if and only ifπ occurs in the theta correspondence for the dual
Hence, the only correspondence is the trivial representation to the trivial representation.
Next
. From the result in subsection 2.4 we know that the Weil representation of Sp 2 (f F ) is q-dimensional, and the unique character of order two of
3.4. Now we want to consider the correspondence of representations of positive depths. We need an easy lemma.
Lemma. Let n 0 , n 0 be given as in subsection 3.1. Then n 0 + n 0 ≡ κ + κ (mod 2).
Proof. From subsection 3.1 we know that n 0 = 0 if κ is even, n 0 = 1 if κ is odd. We also know that n 0 = 0 if κ is even, n 0 = 1 if κ is odd. 
Proof. Let L be defined as in subsection 3.1. Because L is the only regular small admissible lattice chain in V , the representation π has a minimal K-type of the form Proof. Let L, L be the unique good lattices in V, V , respectively, as in subsection 3.1. First we suppose that λ F is even. Then B := B(L, L ) (see (2.8.1)) is a self-dual lattice in W . Let S(B) be the lattice model of the Weil representation with respect to B and ψ. Let k be a nonnegative integer, and let w be a vector in
Note that it is a nondegenerate representation of G L,2k+1 i.e., it is a character of depth 2k + 1. Now the dimension of the space w∈B
, where q = |f F | denotes the cardinality of the finite field f F . The number of characters of U (V ) of depth 2k + 1 is (q + 1)q 2k (q − 1) = q 2k+2 − q 2k . But we know the multiplicity of any representation occurring in the local theta correspondence is exactly one. Therefore, every character of odd depth of U (V ) should occur in the theta correspondence.
Next we suppose that
and acted by G L,2k as a nondegenerate representation. Now the dimension of the space w∈B * −k
The number of characters of U (V) of depth 2k is (q + 1)q 2k−1 (q − 1) = q 2k+1 − q 2k−1 . Therefore, every character of even depth of U (V ) occurs in the theta correspondence.
Theta correspondence for
In this section, we assume that E is a ramified quadratic extension of F (i.e., e = 2) and both V, V are one-dimensional. As usual, let G := U (V ) and G := U (V ).
4.1. Lattice chains in V . As in subsection 3.1, we assume that V is a Hermitian space with the form denoted by , , and we assume that V is a skew-Hermitian space with the form , defined by , := δ , , where δ is a number in E × such that τ (δ) = −δ. For simplicity, we shall assume that ord(δ) = 1 2 . Now we have 2λ F − 1 = κ + κ , because E is ramified over F . Therefore, one of κ and κ is odd and the other is even.
Let Proof. Let L (resp. L ) be the unique good lattice in V (resp. V ). It is not difficult to check that the lattice B := B(L, L ) is self-dual no matter where λ F is even or odd. Moreover, we know that Proof. Let L (resp. L ) be the unique good lattice in V (resp. V ), respectively, as given in subsection 4.1. Then B(L, L ) is a self-dual lattice in W . As in the proof of Theorem 3.6, S(B) is the lattice model of the Weil representation. Now suppose that k is a nonnegative integer and w ∈ B
is a nondegenerate representation. The images of the maps
are only a subset of index two because E is a ramified quadratic extension and M, M are just the norm maps multiplied by 2δ. Now the dimension of the space is 2q
Therefore, exactly half of the characters of U (V ) of depth 2k+1 2 occur in the theta correspondence for every nonnegative integer k.
5.
Theta correspondence for (U 1 (F ), U 1,1 (F )) I
In this section we assume that E is an unramified quadratic extension of F , V is a one-dimensional Hermitian space and V is a two-dimensional skew-Hermitian space with Witt index one. 5.1. Lattice chains in V . Let G := U (V ), G := U (V ) and (ω ψ , S) be the Weil representation of Sp(W). Without loss of generality, we assume that κ is 0.
Let
where , denotes the skew-Hermitian form on V . Then the two lattices
are the only good lattices in V up to equivalence. Let L be a good lattice in V .
There are three regular small admissible lattice chains in V which are generated by {M 0 }, {M 1 } and {M 0 , M 1 }, respectively. Their numerical invariants are (1, 0), (1, 1) and (2, 0), respectively. 5.2. Occurrence. Now the dual pair (U (V ), U(V )) is in stable range, that is, the Witt index of V is greater than or equal to the dimension of V . Thus all characters of U (V ) occur in the theta correspondence. Now U (V ) is compact. All its characters are supercuspidal. The trivial character of U (V ) occurs in the theta correspondence for the dual pair (U (V ), U(V )), where V is the zero-dimensional " -Hermitian space". Therefore, every character of U (V ) except the trivial one first occurs in the theta correspondence for the dual pair (U (V ), U(V )).
5.3. Correspondence of representations of depth zero. Let (π, V) be a nontrivial irreducible representation of U (V ). Let (π , V ) be the supercuspidal representation of U (V ) corresponding to π in the theta correspondence for the pair (U (V ), U(V )). In this subsection we assume that π is of depth zero. From subsection 4.1 we know that there is a unique good lattice L in V . Because π is of depth 0, it is trivial on G L,0 + and can be regarded as a representation
. From the result in subsection 2.8 we know that there is a good lattice
Hence, from subsection 2.4 we know that π⊗triv is paired with η ⊗triv in the correspondence for the pair (
Moment maps.
Starting from this subsection to the end of this section, we are going to determine the correspondence for representations of positive depths. The final result is stated in subsection 5.9. We need a few lemmas first.
The Lie algebra g of U (V ) can be identified with the space of two by two matrices of the form
, where x ∈ E, y, z ∈ F . We identify the Lie algebra g of U (V ) with δF as in subsection 4.1. Then it is easy to check that the moment maps M and M are given by (5.4.1) 
From (5.4.1) we know that M (w 0 ) is a matrix of rank 1. Let V 1 (resp. V 2 ) be the one-dimensional subspace of V spanned by the eigenvector corresponding to the nonzero (resp. zero) eigenvalue. Then V is the orthogonal direct sum of V 1 and V 2 .
Lemma. Let
as given before this lemma. Write
2 ), where L is the small admissible lattice chain with numerical invariant (1, 1) generated by the good lattice 
Next suppose that d is even. Now n 0 = 0 and n 0 = 1,
2 ), where L is the small admissible lattice chain with numerical invariant (1, 0) generated by the good lattice O E v 1 + O E v 2 . This contradicts the assumption that the depth
2 ), where L is the small admissible lattice chain with numerical invariant (1, 0) generated by the good lattice
Hence, this contradicts the assumption that the depth of π is d again. Therefore, we have ord(x 0 ) = − 
Let , i denote the restrictions of , to V i ×V i for i = 1, 2. It is easy to see that both the forms , 1 , , 2 are nondegenerate. We can also check that the centralizer of
5.6. Decomposition of the Weil representation. Define F spaces:
Then W can be identified with the direct sum W 1 ⊕ W 2 , and each W i is regarded as a subspace of W . It is not difficult to check that w 0 ∈ W 1 ⊂ W . Define (5.6.1)
It is clear that , 1 and , 2 are skew-symmetric bilinear forms on W 1 and W 2 , respectively. It is also clear that , i is the just the restriction of , to W i × W i . So we know that (U (V ), U(V 1 )) and (U (V ), U(V 2 )) form reductive dual pairs in Sp(W 1 ) and Sp(W 2 ), respectively. Define
We know that B is a good lattice in W . Now it is easy to see that B = L ⊗ L because L is self-dual (recall that we assume κ = 0 in this section). Hence, we have 
when S is identified with S 1 ⊗ C S 2 . Let Sp(W 1 ) (resp. Sp(W 2 )) be the metaplectic cover of Sp(W 1 ) (resp. Sp(W 2 )).
Regard (ω ψ , S) as a representation of Sp(W 1 ) × Sp(W 2 ) via the composition of the homomorphism
and the inclusion
Let S(B 1 ) (resp. S(B 2 )) be the generalized lattice model of the Weil representation of Sp(W 1 ) (resp. Sp(W 2 )) with respect to the character ψ. Recall that S(B i ) is the space of locally constant, compactly supported maps f :
for x i ∈ W i . We identify S with S 1 ⊗ C S 2 in (5.6.4).
Lemma. The map Ξ gives an isomorphism between S(B 1 ) ⊗ C S(B 2 ) and S(B) as a representation of
Proof. First we check that f :
Suppose that x is a vector in W and b is a an element in B. Then we can write
is in S(B).
Next we want to prove that the map Ξ intertwines the actions of Sp(
Because B = B 1 ⊕ B 2 , any b ∈ B can be written uniquely as
. Also x can be written uniquely as x 1 + x 2 for x i ∈ W i . Let db (resp. db 1 , db 2 ) be the Haar measure of B (resp. B 1 , B 2 ) such that the volume of B is equal to the product of volumes of B 1 and B 2 . Hence,
Hence, Ξ intertwines the actions
for any g 1 ∈ Sp(W 1 ) and g 2 ∈ Sp(W 2 ). Clearly Ξ is an isomorphism of vector spaces.
5.7.

Lemma. U (V
From this lemma we know that the splitting 
is acted by U (V ), and the action is π (cf. 
Therefore, the representations π 1 , π 1 are paired in the theta correspondence for the dual pair (U (V ), U(V 1 )) in Sp(W 1 ) such that the subspace S(B 1 ) w 0 has nontrivial image, and π 2 , π 2 are paired in the theta correspondence for the dual pair (U (V ), U(V 2 )) in Sp(W 2 ) such that the subspace S(B 2 ) 0 has nontrivial image. Hence, π 1 is isomorphic to π, and π 1 is isomorphic to the contragredient representationπ of π if we identify U (V 1 ) with U (V ). Moreover, it is easy to see that both groups U (V ) and U (V 2 ) acts trivially on S(B 2 ) 0 . Hence, both π 2 , π 2 are the trivial representations.
5.9. Correspondence of representations of positive depths. Let G = U (V ) and g be the Lie algebra of G . Let H := U (V 1 ) × U (V 2 ) and h be the Lie algebra of H. Now we recall a result from [Adl98] . Let h ⊥ denote the perpendicular of h in g . Let
For X ∈ g such that 1 − X is invertible we define a Cayley transform
which is an element in U (V ). It is easy to see that 1−X is invertible for any element X in J. Define J + := Ψ(J + ) and J := Ψ(J). It is known that H normalizes J and J + . It is known from [Adl98] that for an irreducible representation σ of H we can construct an irreducible admissible representation φ σ of HJ with dimension equal
It is also known from [Adl98] that the compactly induced representation c-Ind G HJ φ σ is an irreducible supercuspidal representation of G . Now we denote φ σ by φπ if σ =π ⊗ triv, whereπ is the contragredient representation of a character π of U (V 1 ) and triv is the trivial representation of U (V 2 ). Proof. Suppose that a character π of U (V ) of positive depth is paired with the irreducible supercuspidal representation π of U (V ). From the discussion in subsections 5.5-5.8 we know that there is a decomposition V = V 1 ⊕ V 2 such that the restriction of π to H := U (V 1 ) × U (V 2 ) contains the characterπ ⊗ triv, wherẽ π is the contragredient representation of π. By Proposition 2.6.3 of [Adl98] we know that the restriction of π to HJ contains φπ. By the result in [Adl98] again we know that there is only one irreducible (supercuspidal) representation of U (V ) whose restriction to HJ contains φπ. Hence, π is isomorphic to c-Ind
Theorem. Let (U (V ), U(V )) be the reductive dual pair of unitary groups such that V (resp. V ) is one-dimensional (resp. two-dimensional with
In this section, we assume that E is a ramified quadratic extension of F , V is one-dimensional and V is two-dimensional with Witt index one.
Lattice chains in
. Similar to the situation in subsection 5.1 there are two good lattices in V , and
Let M 1 ⊆ M 0 be the two good lattice in V . There are three regular small admissible lattice chains in V , which are generated by {M 0 }, {M 1 } and {M 0 , M 1 }, respectively. Their numerical invariants are (1, 0), (1, 1) and (2, 0), respectively. 6.2. Occurrence. All characters of U (V ) occur in the theta correspondence because the dual pair is in stable range. Suppose π is a nontrivial character of U (V ). Then π first occurs in the theta correspondence for the dual pair (U (V ), U(V )). So π is paired with an irreducible supercuspidal representation π of U (V ) by the induction principle.
6.3. Correspondence of representations of depth zero. Suppose that π is a nontrivial character of U (V ) of depth zero. As in subsection 4.1 π can be regarded as a nontrivial representation of O 1 (f F )×Sp 0 (f F ). Hence, π is isomorphic to sgn⊗triv when regarded as a representation of O 1 (f F ) × Sp 0 (f F ). We know that sgn ⊗ triv first occurs in the correspondence for the pair (
and is paired with η ⊗ triv, where η is a
Then we know that π is isomorphic to the induced representation c-Ind
6.4. Correspondence of representations of positive depths. All the results in subsections 5.4 to 5.8 work when E is a ramified extension. Therefore, the explicit correspondence of representations of positive depths is the same as the case for unramified E in subsection 5.9. 7. Theta correspondence for (U 1 (F ), U 2 (F )) I
In this section, we assume that E is an unramified quadratic extension of F , V is one-dimensional and V is two-dimensional anisotropic.
7.1. Lattice chains in V . In this subsection we assume that
We can find a basis {v 1 , v 2 } of V such that the form , on V is given by (7.1.1)
where β is an element in E such that the Hilbert symbol (−α, β) F = −1. Without loss of generality we assume that κ is zero. Then the lattice L :
7.2. Correspondence of representations of depth zero. In this subsection we assume that π is of depth zero. Let L be the unique good lattice in
Suppose that the representation π of U (V ) occurs in the theta correspondence for the pair (U (V ), U(V )) and is paired with the irreducible supercuspidal representation π of U (V ). Then we also know that π ⊗ triv is paired withπ ⊗ triv in the correspondence for the finite dual pair
Hence, from subsection 2.6 we know that π cannot be the sgn character. Moreover, by Corollary 2.8 we know that π is isomorphic to c-Ind
7.3. Occurrence. From subsection 7.2 we know that all characters of depth zero except the sgn character occur in the theta correspondence for the dual pair (U (V ), U(V )). Now we consider the characters of positive depths. Suppose that V is a four-dimensional -Hermitian space with Witt index one. Since now the pair (U (V ), U(V )) is in the stable range, the character π of U (V ) of positive depth occurs in the theta correspondence for the pair (U (V ), U(V )). Suppose that π is paired with an irreducible admissible representation (π , V ) of U (V ). There is an
be the similar decomposition as given in subsection 5.5 where V 1 is one-dimensional and V 2 is three-dimensional. Now the Witt index of V 2 must be one. Let V 2 = V 3 ⊕ V 4 be the decomposition of nondegenerate subspaces such that V 3 is one-dimensional and V 4 is a hyperplane. Let 
Let w 0 be as in subsection 5.5. The rank of M (w 0 ) is one. Let V 1 (resp. V 2 ) be the eigenspace with respect to a nonzero (resp. zero) eigenvalue. We know that V 1 , V 2 are nondegenerate one-dimensional subspaces and V is the orthogonal direct sum of V 1 and V 2 . By the argument in subsection 5.5 we can check that
7.5. Correspondence of representations of positive depth. In this subsection we suppose that an irreducible representation π of U (V ) is of positive depth. We know that the centralizer of
, and let J be defined as in subsection 5.9. Let φπ be the representation of HJ defined as in subsection 5.9. By the same argument in subsections 5.4-5.9 we know that the character π of U (V ) is paired with the induced representation c-Ind
In this section, we assume that E is a ramified quadratic extension of F , V is one-dimensional and V is two-dimensional anisotropic.
We can find a basis {v 1 , v 2 } of V such that the form , on V is given by (8.1.1)
where β is an element in E such that the Hilbert symbol (− F , β) F = −1. We assume that κ is zero. Then the lattice L :
Up to equivalence there is only one regular small admissible lattice chain in V , whose numerical invariant is (1, 1) and is generated by {L }.
Correspondence of representations of depth zero.
In this subsection let π be a character of U (V ) of depth zero. So we know that π is either triv or sgn. Suppose that π occurs in the theta correspondence for the pair (U (V ), U(V )) and is paired with the irreducible supercuspidal representation π of
Hence, π has to be the trivial representation of U (V ), and it is paired with the trivial representation of U (V ).
8.3. Occurrence. We know that U (V ) has two characters of depth zero, which are triv and sgn. From the result in subsection 8.2 we know that triv occurs in the correspondence for the pair (U (V ), U(V )) but sgn does not. Next we consider the occurrence of representations of positive depths. Clearly Proposition 7.3 still holds when E is a ramified extension of F . Hence, we have the following proposition. 9. Theta correspondence for (U 1 (F ), U 1,2 (F )) I
In this section, we assume that E is an unramified quadratic extension of F , V is one-dimensional and V is three-dimensional. 9.1. Occurrence. Let V be the -Hermitian space which is the preceding term of V in the Witt series. So V is one-dimensional. Let π be a character of G := U (V ). Because now we want investigate the correspondence of supercuspidal representations, we assume that π does not occur in the theta correspondence for the dual pair (U (V ), U(V )). Then π must occur in the theta correspondence for the dual pair (U (V ), U(V )) because the pair (U (V ), U(V )) is in the stable range. Let π be the irreducible supercuspidal representation of G := U (V ) paired with π.
Lattice chains in
We can find a basis {v 1 , v 2 , v 3 } of V such that the form , on V is given by
Without loss of generality we assume that κ is zero. Now the lattices (9.2.1)
are the only good lattices in V up to equivalence. Let L be a good lattice in
There are seven regular small admissible lattice chains in V . The numerical invariants of them are
9.3. Correspondence of representations of depth zero. In this subsection we assume that π is of depth zero. Let L be the unique good lattice in
From subsection 2.8 we know that π has a minimal K-type (G L , η ⊗ triv), where triv is the trivial representation of the trivial group U 0 (f F ). Hence, π is isomorphic to c-Ind
, is π ⊗ triv, and π cannot be the sgn character. Let
From subsection 2.8 we know that π has a minimal K-type (G L , η ⊗ triv). Hence, π is isomorphic to c-Ind
9.4. Moment maps. The moment maps M, M are given by (9.4.1)
Let w 0 be as in subsection 5.5. The rank of M (w 0 ) is one. Let V 1 (resp. V 2 ) be the eigenspace with respect to a nonzero (resp. zero) eigenvalue. We know that V 1 (resp. V 2 ) is a one-dimensional (resp. two-dimensional) subspace of V . Moreover, V 1 , V 2 are nondegenerate subspaces, and V is the orthogonal direct sum of V 1 and V 2 . By the argument in subsection 5.5 we can check that
9.5. Decomposition of V . Now suppose that π is a character of U (V ) of positive depth which first occurs in the theta correspondence for the dual pair (U (V ), U(V )). As in subsection 5.5, V has a decomposition V 1 ⊕ V 2 as a direct sum of two nondegenerate subspaces. Now V 1 is one-dimensional and V 2 is two-dimensional.
Lemma. The restriction of the form , on V 2 is anisotropic.
Proof. Let , 2 denote the restriction of , on V 2 . Suppose that the form , 2 is not anisotropic. Then V 2 is a hyperplane. Hence, V 1 is the preceding term of V in the Witt series.
Hence, π occurs in the theta correspondence for the dual pair (U (V ), U(V 1 )). This contradicts the assumption that π first occurs in the theta correspondence for the dual pair (U (V ), U(V )). Therefore, the form , 2 is anisotropic.
9.6. Correspondence of representations of positive depths. Keep the assumption that π is a character of U (V ) of positive depth which first occurs in the theta correspondence for the dual pair (U (V ), U(V )). Let w 0 be as in subsection 5.5. The centralizer of
, which is anisotropic by Lemma 9.5. Hence, the arguments in subsections 5.5-5.9 still work in the present situation. So we conclude that the character π of U (V ) is paired with the induced representation c-Ind G HJ φπ of U (V ) in the theta correspondence.
Theta correspondence for
In this section, we assume that E is a ramified quadratic extension of F , V is one-dimensional and V is three-dimensional.
10.1. Occurrence. Let V be given as in subsection 9.1. We assume that the character π of U (V ) does not occur in the theta correspondence for the dual pair (U (V ), U(V )). Let π be the irreducible supercuspidal representation of U (V ) paired with π in the correspondence for the pair (U (V ), U(V )). 10.3. Correspondence of representations of depth zero. In this subsection we assume that π is of depth zero. Let L be the unique good lattice in V . We know that G L /G L,0 + O 1 (f F )×Sp 0 (f F ). Because we assume that π does not occur in the theta correspondence for the dual pair (U (V ), U(V )), we know that π, regarded as a representation of G L /G L,0 + O 1 (f F ) × Sp 0 (f F ), is sgn ⊗ triv. The representation sgn⊗triv is paired with the representation η ⊗triv of Sp 2 (f F )×O 1 (f F ) when it first occurs, where η is a q−1 2 -dimensional irreducible cuspidal representation of Sp 2 (f F ). Then we know that the representation π is isomorphic to c-Ind
10.4. Correspondence of representations of positive depths. The explicit correspondence of representations of positive depths is the same as in the case for unramified E in subsection 9.6. 11. Theta correspondence for (U 1 (F ), U 1,3 (F )) I
In this section, we assume that E is an unramified quadratic extension of F , V is one-dimensional and V is four-dimensional with Witt index one.
11.1. Correspondence of representations of depth zero. From the result in section 7 we know that the only representation of U (V ) which does not occur in the correspondence for the pair (U (V ), U(V )) is the sgn character, where V is the two-dimensional anisotropic -Hermitian space. So now we assume that π is the sgn character of U (V ). Let L be the unique good lattice in V . We know that G L /G L,0 + U 1 (f F )×U 0 (f F ). We also know that there are two (equivalence classes of) good lattices L in V , and G L /G L ,0 + is isomorphic to either U 1 (f F ) × U 3 (f F ) or U 3 (f F ) × U 1 (f F ). Now π, regarded as a representation of G L /G L,0 + U 1 (f F ) × U 0 (f F ), is sgn ⊗triv. The representation sgn ⊗triv is paired with the representation η ⊗ triv of U 3 (f F ) × U 1 (f F ) when it first occurs, where η is a (q 2 − q)-dimensional irreducible cuspidal representation of U 3 (f F ) (cf. [How] ). Then we know that the representation π is isomorphic to c-Ind
12. Theta correspondence for (U 1 (F ), U 1,3 (F )) II In this section, we assume that E is a ramified quadratic extension of F , V is one-dimensional and V is four-dimensional with Witt index one. This conjecture is proved to be true for all supercuspidal representations π in [HKS96] when the dimensions of V and V are of the same parity. Then the result is extended in [Pan02b] for all depth zero supercuspidal representations π without the restriction on the parity of dimensions of V and V . 13.2. For V one-dimensional. In this subsection we want to verify the preservation principle when V is one-dimensional. Now we assume that V is one-dimensional and π is a character of U (V ).
First we suppose that the dimension of V and the dimension of V have the same parity. From the result in sections 3, 4, 9, 10 we know that Therefore, the preservation principle (13.1.2) is verified when V is one-dimensional.
